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Abstract
We give a graphical prescription for obtaining and characterizing all separable
coordinates for which the Schrödinger equation admits separable solutions for
one of the superintegrable potentials
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Here xn+1 is a distinguished Cartesian variable. The algebra of second-order
symmetries of the resulting Schrödinger equation is given and, for the first
potential, the closure relations of the corresponding quadratic algebra. These
potentials are particularly interesting because they occur in all dimensions
n � 1, the separation of variables problem is highly nontrivial for them, and
many other potentials are limiting cases.

PACS numbers: 02.40.Hw, 02.20.−a, 02.30.Ik, 03.65.−w

1. Introduction

In previous papers we have looked at two- and three-dimensional superintegrable potentials for
which the Schrödinger equation is maximally superintegrable [1–4]. (As the first investigation
of superintegrable potentials we also refer to papers [5–7]. Many examples of the relation
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Region, 141980, Russia and International Center for Advanced Studies, Yerevan State University, A Manougian 1,
375049, Yerevan, Armenia.
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between symmetry and variable separation are given in [8].) In this paper we extend our study
to the case of N-dimensional Euclidean space, where the requirement is that the potentials
admit 2N − 1 functionally independent second-order symmetries. As shown previously for
two- and three-dimensional Euclidean space, the potentials we consider have bound state
solutions which can be found in polynomial form. Using the graphical calculus developed
for separable coordinates in Euclidean N-space and on the n-sphere [9, 10] we are able to
describe systematically coordinate separation and bound state solutions for a large class of
superintegrable systems. The basic equation that we investigate is of course Schrödinger’s
equation (N = n + 1)

H� = −1

2
�N� + V (�x)� = −1

2

N∑
�=1

∂2
x�
� + V (�x)� = E�. (1)

Our goal is to find, for two particularly chosen superintegrable potentials, all solutions of this
equation via a separation of variables ansatz � = �n

j=1ψj (uj ) for all possible coordinate
systems uj . These potentials are exceptional. Not only are they superintegrable (admitting
2N − 1 functionally independent second-order constants of the motion), but also they occur
for all N = n + 1 � 2, and contain many other special potentials as limiting cases. They have
a distinguished Cartesian coordinate xn+1, and due to this symmetry breaking, these potentials
do not separate in all coordinate systems for which the zero potential Schrödinger equation
separates. However, they do separate in a large subclass of such systems, large in the sense
that the number of separable systems grows without bound as N → ∞. Though the analysis
is complicated, we can use the graphical characterization of all separable systems for the free
equation in Euclidean N-space [9, 10], to determine exactly which systems also separate for
the given potentials. The two cases are the nonisotropic oscillator potential
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2
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+ 2ω2x2

n+1 + ρxn+1

and the nonisotropic Coulomb potential
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A third superintegrable potential, an extension of the isotropic oscillator,

(III) V = 1

2
ω2 (x2

1 + · · · + x2
n+1

)
+
n+1∑
�=1

k2
� − 1

4

x2
�

also belongs to this group. However, the variable separation problem for that case is relatively
simple and is well known [11–13] (ellipsoidal coordinates and all possible limiting cases of
these coordinates). Potentials (I) and (III) are nondegenerate in the sense of [3], i.e., they form
an (N + 1)-parameter family such that at any regular point x one can choose the values of the
N + 1 quantities ∂V/∂xj and ∂2V/∂x2

N arbitrarily. (This is so even though for a fixed choice
of parameters we can always translate coordinates in (I) so that ρ = 0.) On the other hand,
potential (II) is degenerate, it depends on only N parameters.

To shed some insight on the concept of nondegeneracy we digress and examine the
relationship between the potential and the invariants in a classical superintegrable system. Let
the Hamiltonian be

H =
N∑
i=1

p2
i + V (x) (2)
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where x = (x1, . . . , xN) are Cartesian coordinates. Suppose H defines a superintegrable
system in the sense of this paper, i.e., suppose there exist 2N − 1 functionally independent
second-order invariantsA(1) = H , A(2), . . . , A(2N−1):{

H,A(m)
} = 0 m = 1, . . . , 2N − 1 (3)

where

A(m) =
N∑

j,k=1

A
(m)
jk (x)pjpk +W(m)(x) A

(m)
jk = A

(m)
kj . (4)

The integrability conditions for the matrix components and the potential are

∂iA
(m)
jk + ∂jA

(m)
ki + ∂kA

(m)
ij = 0 (5)

and

A
(m)
jk (∂jjV − ∂kkV ) +

(
A
(m)
kk − A

(m)
jj

)
∂jkV +

∑
��=j,k

(
A
(m)
k� ∂j�V − A

(m)
j� ∂k�V

)

=
N∑
i=1

(
∂kA

(m)

ji − ∂jA
(m)

ki

)
∂iV (6)

for m = 1, . . . , 2N − 1 and 1 � j < k � N . Expressions (5) are the equations for second-
order Killing tensors [14]. The space of solutions is N(N + 1)2(N + 2)/12 dimensional and
each component A(m)jk is a second-order polynomial in the Cartesian coordinates. For fixed
(j, k) and m = 2, . . . , 2N − 1, expressions (6) constitute 2N − 2 equations for the 2N − 2
unknowns ∂jjV − ∂kkV , ∂jkV , ∂j�V , ∂k�V , � �= j, k.

In all, expressions (6) constitute M = N(N − 1)2 equations for P = (N + 2)(N − 1)/2
unknowns (the independent second derivatives of V ). We can write this system in the form
AV2 = V1 where A isM × P , V2 is the P × 1 vector of second-order derivatives of V and V1

is the M × 1 vector containing the terms that are first-order derivatives of V . We say that this
system is nondegenerate provided three conditions are satisfied:

1. A has rank P, the maximum possible.
2. The augmented matrix A′ = (A,V1) also has rank P.

These two conditions imply that we can (uniquely) solve for the P second-orderderivatives
∂jjV − ∂NNV , 1 � j < N and ∂ikV , 1 � i < k � N as linear combinations of the N
functions ∂iV with coefficients that are rational functions of the Cartesian coordinates,

∂jjV − ∂NNV =
N∑
�=1

B
jj

� (x)∂�V

(7)

∂ikV =
N∑
�=1

Bik� (x)∂�V .

(This is most easily seen, for example, if all P-rowed minors in A are nonzero. Then one
can find solutions of the form (7), and if A′ also has rank P, these solutions are consistent.)
From these expressions we can solve for all the third-order derivatives ∂ijkV and all higher
order derivatives, as linear combinations of the derivatives ∂NNV , ∂iV , 1 � i � N . We
require that this process puts no further restrictions on the components.

3. All higher derivatives of V can be determined unambiguously from relations (7), i.e., the
integrability conditions are satisfied identically.
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We say that x0 is a regular point if all the rational functionsBjj� (x), B
ik
� (x) are well defined

at x = x0.
From the definition of nondegeneracy one can show that the potential V is nondegenerate

if and only if it is uniquely determined by the N + 2 parameters ∂NNV (x0), ∂iV (x0), V (x0),
and these parameters can be prescribed arbitrarily at the regular point x0.

All known nondegenerate superintegrable systems have the property that there is a
quadratic algebra of constants of the motion. In particular, there is a basis for these constants
that closes under a finite number of commutators. We verify that this is indeed the case for
system (I). The structure of the quadratic algebra, which we work out, provides important
information for interbasis expansions relating the separable systems. On the other hand,
the basis constants for the degenerate system (II) do not close under a finite number of
commutators.

2. Nonisotropic N-dimensional oscillator

The first potential that we consider is

V (�x,X) = 1

2

n∑
�=1

[
k2
� − 1

4

x2
�

+ ω2x2
�

]
+ 2ω2X2 (8)

where (x1, . . . , xn, xn+1) = (�x,X). From the known separable systems on the n-dimensional
sphere and in N-dimensional Euclidean space [9, 10], we will see that the separation of
variables problem can be solved for this multiparameter potential [13]. To completely describe
the separable coordinates for the corresponding Schrödinger equation it will be convenient to
consider first some special classes of coordinate systems. These will provide the groundwork
for the complete classification of all such systems. Each such coordinate system gives rise
to separation constants which are second-order symmetries of the corresponding Schrödinger
equation. A basis for the vector space of such symmetries is given by

Mi = ∂2
xi

− ω2x2
i +

1
4 − k2

i

x2
i

(9)

Lij = (
xi∂xj − xj∂xi

)2
+
x2
i

x2
j

(
1

4
− k2

j

)
+
x2
j

x2
i

(
1

4
− k2

i

)
− 1

2
(10)

L = ∂2
X − 4ω2X2 (11)

Ui = 1

2

{
∂X, xi∂X −X∂xi

}
+ ω2Xx2

i +
X

x2
i

(
1

4
− k2

j

)
. (12)

(Note: strictly speaking, there should be a term ρX added to the expression (8) for
the nonisotropic oscillator potential, but we can translate the X coordinate so that this term
becomes zero. (Addition of a constant to the potential is ignored.) It is worth a few words to
explain why this is the case and why it does not occur for other superintegrable systems. In our
classification of nondegenerate superintegrable systems we categorize the space of second-
order symmetry operators for each system up to equivalence under Euclidean transformations,
not the corresponding potentials. Once the space of symmetries is fixed, we calculate all
potentials that are compatible with this space. Ordinarily each of our spaces of symmetry
operators on a list of superintegrable potentials admits no proper subgroup of E(N,R) as a
symmetry group, i.e., any Euclidean transformation maps the space into a distinct space of
symmetries. However, for case (I) the space of symmetries is invariant under translations inX.
(The individual symmetry operators change but the space is invariant.) Thus the ρX term
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should appear, since it is compatible with the symmetry space, but it can be made zero by a
translation.)

We first consider separable coordinate systems for which X remains unchanged. In
addition, we consider the various forms of coordinates for which there is a polar coordinate r.
Typically such coordinates have the form

(x1, . . . , xn,X) = (r�s,X) = (rs1, . . . , rsn,X) (13)

where
�s · �s = 1. (14)

For coordinates of this type the corresponding separable solutions of the Schrödinger equation
have the form�(r, �s,X) = F(r)
(�s)G(X). The effect of this choice is to reduce the problem
to the equivalent one on the (n− 1)-dimensional sphere with corresponding Rosokhatius [15]
potential

V1 = 1

2

n∑
�=1

k2
� − 1

4

s2
�

. (15)

Indeed, the corresponding Schrödinger equation
H1
 = − 1

2�
(n−1)
LB 
 + V1
 = E
 (16)

where
�
(n−1)
LB =

∑
n�j>k�1

(
sj ∂sk − sk∂sj

)2
(17)

is separable in all the coordinates for which the zero-potential Schrödinger equation is
separable. (The potential is a Stäckel multiplier [16].) The complete solution of this latter
problem is known [17] (see also [13] for hyperspherical coordinates). The various coordinates
can be constructed from a knowledge of the solution to this problem for elliptic coordinates
in p dimensions. In graphical notation [9, 10], this corresponds to

[e1| . . . |ep+1]. (18)

The associated coordinates on the p-dimensional sphere have the form

s2
i =

p∏
j=1
(uj − ei)∏

k �=i
(ei − ek)

i = 1, 2, . . . , p + 1 (19)

where e1 < u1 < e2 < · · · < up < ep+1. In terms of these coordinates, the corresponding
Schrödinger equation (16) is
p∑
i=1

4

���=i (ui − u�)




p+1∏
q=1

(ui − eq)

[
∂2
ui

+
1

2

p+1∑
m=1

1

ui − em
∂ui

]

+
p+1∑
q=1

(
1

4
− k2

q

)
�k �=q(eq − ek)

�
p

j=1(uj − eq)


� = −2E�. (20)

The separation equations are

4



p+1∏
q=1

(ui − eq)

[
∂2
ui

+
1

2

p+1∑
m=1

1

ui − em
∂ui

]
ψi(ui)

+

[
p+1∑
�=1

(
1

4
− k2

�

)
�j �=�(ui − ej )

(ui − e�)
− 2Eup−1

i +
p−2∑
�=0

(−1)�λp� u
�
i

]
ψi(ui) = 0

(21)
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for i = 1, . . . , p. We find the solutions of this equation as follows. If we make the ansatz

� =
(
p+1∏
�=1

s
k�+1/2
�

)
q∏

m=1


p+1∑
j=1

s2
j

θm − ej




the zeros must satisfy [17]

p+1∑
j=1

kj + 1

θq − ej
+
∑
l �=q

2

θq − θl
= 0. (22)

This ansatz is based on the identity

p+1∑
j=1

s2
j

θ − ej
= −�

p

i=1(ui − θ)

�
p+1
j=1(θ − ej )

. (23)

The operators that specify the separation constants are


p

j =
∑
ip �=ip+1

S
j+1
i1 ...ip−1

(
Lipip+1 − k2

ip
− k2

ip+1

)
+
∑
ip+1

(j + 1)Si1...ip
(
k2
ip+1

− 1
4

)
. (24)

The eigenvalues of E and these operators are

E = 1

2


2q + p +

p+1∑
j=1

kj




2

− 1

8
(p − 1)2 (25)

λ
p

j =
p+1∑
ip+1=1

[
4Sp−j

i1...ip

q∑
m=1

(
kip+1 + 1

)
θm − eip+1

+ 2Sp−j−1
i1...ip−1

kipkip+1

+ 2(j + 1)Sp−j−1
i1...ip

kip+1 +
1

4
(j + 1)(2j + 5)Sp−j−1

i1...ip+1

]
. (26)

Here the symbol Srj1···jt denotes the sum of all products of r elements taken from ej1 , . . . , ejt ,
where j1, . . . , jt are all different and the symbol is symmetric in the indices j1, . . . , jt , e.g.,

S1
123 = e1 + e2 + e3 S2

123 = e1e2 + e1e3 + e2e3.

Effectively the sum in these formulae is taken over ip+1 as indicated. In order to obtain the
basic building blocks we need to illustrate how coordinates corresponding to the diagram

[ e1 | e2 | · · · | ep+1 ]
↓ ↓ · · · ↓
Sn1 Sn2 · · · Snp+1

(27)

give rise to separable solutions and how the wavefunctions can be computed. A convenient
choice of coordinates in this case is

(v1, . . . , vN) = (
s1 �wn1 , . . . , sp+1 �wnp+1

)
(28)

where �wnj = (
w1
nj
, . . . , w

nj+1
nj

)
is a unit vector on the sphere Snj and N = ∑p+1

j=1 nj + p + 1.
If we now redefine the ki according to

�k = (k1, . . . , kN ) = (
K11, . . . ,K1n1+1,K21, . . . ,K2n2+1, . . . ,Kp+1np+1+1

)
(29)
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then a solution of the Schrödinger equation can be obtained in the form

� =
p+1∏
�=1

s
��−n�+1/2
�


 s∏
m=1




p+1∑
j=1

s2
j

θm − ej


χnm(wnm)




 (30)

where

�� = 2m� + n� + 1 +
n�+1∑
h=1

K�h E = 1

2

(
2s +

N∑
�=1

�� + p

)2

− 1

8
(p − 1)2

and [
�
(n�)
LB +

n�+1∑
h=1

1
4 −K2

�h(
whn�

)2

]
χn�

( �wnm
) =

[
1

4
(n� − 1)2 − �2

�

]
χn�

( �wnm
)
. (31)

The equation satisfied by the zeros θm is

p+1∑
n=1

�n + 1

θs − en
+
∑
r �=s

2

θs − θr
= 0. (32)

The separation equations are

4
p+1∏
q=1

(ui − eq)

[
∂2
ui

+
1

2

p+1∑
m=1

nm

ui − em
∂ui

]
ψi(ui) +

{
p+1∑
�=1

[
1

4
(n� − 1)2 − �2

�

] ∏
j �=�(ui − ej )

(ui − e�)

− 2Eup−1
i +

p−1∑
�=1

(−1)�λ�u
�−1
i

}
ψi(ui) = 0. (33)

The eigenvalues λ� are given by the formulae used for general elliptic coordinates
corresponding to the diagram

[e1| . . . |ep+1] (34)

but with the replacement kj → �j , j = 1, . . . , p + 1. This enables us to give all the separable
coordinates of the type for the potential under consideration.

We give an example of how this works. Consider the coordinate system described by the
diagram

[ e1 | e2 | e3 ]
↙ ↘

[ a1 | a2 | a3 ] [ c1 | c2 ].
(35)

This diagram corresponds to the choice of coordinates

(s1, s2, s3, s4, s5, s6) = (t1w1, t1w2, t1w3, t2, t3r1, t3r2) (36)

where

t2i = �2
j=1(uj − ei)

�k �=i (ei − ek)
i = 1, 2, 3 (37)

w2
i = �2

j=1(vj − ai)

�k �=i (ai − ak)
i = 1, 2, 3 (38)

r2
i = y − ci

�k �=i (ci − ck)
i = 1, 2. (39)
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The solutions to the corresponding Schrödinger equation with potential

V = 1

2

6∑
�=1

k2
� − 1

4

s2
�

have the form � = �1(u1, u2)�2(v1, v2)�3(y) where

�3(y) = r
k5+1/2
1 r

k6+1/2
2

m∏
�=1

(
r2

1

ϕ� − c1
+

r2
2

ϕ� − c2

)
(40)

�2(v1, v2) = w
k1+1/2
1 w

k2+1/2
2 w

k3+1/2
3

n∏
b=1

(
w2

1

θb − a1
+

w2
2

θb − a2
+

w2
3

θb − a3

)
(41)

�1(u1, u2) = t
�1−1/2
1 t

�2+1/2
2 t

�3
3

o∏
j=1

(
t21

µj − e1
+

t22

µj − e2
+

t23

µj − e3

)
(42)

with �1 = 2n + 2 + k1 + k2 + k3, �2 = k4 and �3 = 2m + 1 + k5 + k6. The equations satisfied
by the zeros are

k5 + 1

ϕs − c1
+
k6 + 1

ϕs − c2
+
∑
r �=s

2

ϕs − ϕr
= 0 (43)

k1 + 1

θs − a1
+
k2 + 1

θs − a2
+
k3 + 1

θs − a3
+
∑
r �=s

2

θs − θr
= 0 (44)

�1 + 1

µs − e1
+
�2 + 1

µs − e2
+
�3 + 1

µs − e3
+
∑
r �=s

2

µs − µr
= 0. (45)

The separation equations for these solutions are

4(y − c1)(y − c2)

{
∂2
y +

1

2

[
1

y − c1
+

1

y − c2

]
∂y

}
�3(y)

+

[
(c1 − c2)

(
1
4 − k2

5

y − c1
−

1
4 − k2

6

y − c2

)
+ �2

3

]
�3(y) = 0 (46)

{
4(vi − a1)(vi − a2)(vi − a3)

[
∂2
vi

+
1

2

(
1

vi − a1
+

1

vi − a2
+

1

vi − a3

)
∂vi

]

+

(
1

4
− k2

1

)
(vi − a2)(vi − a3)

(vi − a1)
+

(
1

4
− k2

2

)
(vi − a1)(vi − a3)

(vi − a2)

+

(
1

4
− k2

3

)
(vi − a2)(vi − a1)

(vi − a3)
− 2

(
1

4
− �2

1

)
vi + λ

}
ψi2(vi) = 0 (47)

where �2(v1, v2) = ψ1
2 (v1)ψ

2
2 (v2),{

4(ui − e1)(ui − e2)(ui − e3)

[
∂2
ui

+
1

2

(
3

ui − e1
+

1

ui − e2
+

2

ui − e3

)
∂ui

]

+
(
1 − �2

1

) (ui − e2)(ui − e3)

(ui − e1)
+

(
1

4
− �2

2

)
(ui − e1)(ui − e3)

(ui − e2)

− �2
3
(ui − e2)(ui − e1)

(ui − e3)
− 2Eui + η

}
ϕi1(ui) = 0 (48)
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where
1(u1, u2) = ϕ1
1(u1)ϕ

2
1(u2) and

E = (2(m + n + o + 3) + k1 + k2 + k3 + k4 + k5 + k6)
2 − 9

4 .

The operators describing the separation constants �2
3, λ,

1
4 − �2

1, η and 2E are

�2
3 = L56 + 1 − k2

5 − k2
6 (49)

λ = −a1L23 − a2L13 − a3L12 − 1
2 (a1 + a2 + a3) (50)

1
4 − �2

1 = L12 + L13 + L23 (51)

η = e1(L45 + L46) + e2(L15 + L25 + L35 + L16 + L26 + L36)

+ e3(L14 + L24 + L34)− 1
2 (e1 + e2 + e3) (52)

2E =
∑

1<i<j<6

Lij (53)

respectively. The eigenvalues λ and η are given by

λ = −a1(k2k3 + k2 + k3)− a2(k1k3 + k1 + k3)− a3(k2k1 + k2 + k1)

− 3

2
(a1 + a2 + a3) + 4a2a3(k1 + 1)

n∑
�=1

1

θ� − a1

+ 4a2a1(k3 + 1)
n∑
�=1

1

θ� − a3
+ 4a3a1(k2 + 1)

n∑
�=1

1

θ� − a2
(54)

η = −e1(k4�3 + k4 + �3)− e2(�1�3 + �1 + �3)− e3(k4�1 + k4 + �1)

− 3

2
(�1 + k4 + �3) + 4e2e3(�1 + 1)

o∑
�=1

1

µ� − e1

+ 4e2e1(�3 + 1)
o∑
�=1

1

µ� − e3
+ 4e3e1(k4 + 1)

o∑
�=1

1

µ� − e2
. (55)

We have established the following result. For the potential V1, solution of the Schrödinger
equation via the separation of variables ansatz is possible in all the coordinate systems for
which the Helmholtz equation on the sphere is separable. In terms of the graphical calculus,
all separable systems on the sphere are constructed from tree graphs whose components come
from the branching rule

[ e1 | e2 | · · · | eq ]
↓ ↓ · · · ↓
S1 S2 · · · Sq

(56)

where Sj indicates coordinates on the sphere of dimension nj = dim Sj .
Now that we see how the separation of variables works on the sphere for the potential V1,

we can describe how separation of variables works in the case of the potential

V2 = 1

2

n∑
�=1

[
k2
� − 1

4

x2
�

+ ω2x2
�

]
. (57)

The corresponding Schrödinger equation can be solved by separation of variables in all the
coordinates for which the corresponding Helmholtz equation can be solved. The coordinates
for which this is possible consist of a disjoint sum of graphs of the form

〈 e1 | e2 | · · · | em 〉
↓ ↓ · · · ↓
Sp1 Sp2 · · · Spm

(58)
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where the symbol 〈e1| . . . |em〉 denotes elliptic coordinates in m-dimensional Euclidean space
[10], namely

x2
i = �m

j=1(zj − ei)

�k �=i (ei − ek)
i = 1, . . . ,m. (59)

The standard choice of coordinates for the above diagram is

�r = (x1 �w1, . . . , xm �wm) (60)

where each �wj lies on a unit sphere of dimensionpj . The corresponding Schrödinger equation
can be written in the form{

∂�x · ∂�x − ω2 �x · �x +
m∑
�=1

[
1

4
(p� − 1)2 − �2

�

]
1

x2
�

+ 2E

}
� = 0 (61)

where

�
(j)

LB� = [
1
4 (pj − 1)2 − �2

j

]
� (62)

for j = 1, . . . ,m. If we write this out in elliptical coordinates zk the equality assumes the
form


m∑
i=1


 4

���=i (zi − z�)

m∏
q=1

(zi − eq)

[
∂2
zi

+
1

2

m∑
�=1

p�

zi − e�
∂zi

]

+

[
1

4
(pi − 1)2 − �2

i

]
�k �=i (ei − ek)

�n
q=1(zi − eq)

]
+ ω2

m∑
�=1

(z� − e�) + 2E

}
� = 0.

(63)

The separation equations are

4
m∏
q=1

(zi − eq)

[
∂2
zi

+
1

2

m∑
�=1

p�

zi − e�
∂zi

]
ϕi(ui) +

{
n∑
k=1

[
1

4
(pk − 1)2 − �2

k

]
�j �=k(zi − ej )

(zi − ek)

−ω2um −
(

2E + ω2
n∑
k=1

ek

)
zm−1
i +

m−2∑
�=1

λm�−1z
�
i

}
ϕi(ui) = 0. (64)

To obtain the polynomial solutions in the usual way we look for solutions of the form

� = exp


−ω

2

m∑
j=1

x2
j




 M∏
j=1

x
1
2 (1−pj )+�j
j


 m∏
�=1

(
m∑
s=1

x2
s

θ� − es
− 1

)
. (65)

With this ansatz the θm satisfy
n∑
s=1

�s + 1

θ� − es
+
∑
t �=�

2

θ� − θt
− ω = 0. (66)

The energy E is given by

E = ω


2q +M +

n∑
j=1

�j


 . (67)

The operators whose eigenvalues are the separation parameters λn�−1 are

n
�−1 =

∑
i1 �=i2

S�−1
i3,...,i�−1

(
Li1i2 − k2

i1
− k2

i2

)
+
∑
i1

S�i2,...,i�−1

[
Mi1 + (�− n)

(
1
4 − �2

i1

)] − S�+1ω2.

(68)
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The eigenvalues can be readily calculated as

λn�−1 = −
∑
i1 �=i2

S�−1
i3,...,i�−1

(
1 + ki1 + ki2

)2 −
∑
i1

S�i2,...,i�−1

[
2
(
ki1 + 1

)(
ω + 2

q∑
�=1

1

θ� − ei1

)

+ (n− �)

(
1

4
− �2

i1

)]
− S�+1ω2. (69)

For the potential V2 exactly the coordinate systems constructed from disjoint graphs, namely

〈 e1 | · · · | ek 〉 + · · · + 〈 c1 | · · · | cs 〉
↓ · · · ↓ · · · ↓ · · · ↓
Sp1 · · · Spk · · · Sq1 · · · Sqs

(70)

enable the corresponding Schrödinger equation to be solved via separation of variables.
We are now in a position to give a complete solution to the problem of separation of

variables for our original problem: the Schrödinger equation in (n + 1) dimensions with
potential

V = 1

2

n∑
�=1

(
k2
� − 1

4

x2
�

+ ω2x2
�

)
+ 2ω2X2. (71)

There are two possible types of separable coordinate systems. The first and most obvious
are the disjoint coordinate systems of the type already used for the previous potential V2

and excluding the coordinate X. For a coordinate system of this type the X coordinate is
not connected to any other coordinate and can be factored out of the solution via the ansatz
� = �(x1, . . . , xn)ψ(X) where ψ(X) = e−ωX2

Hq(
√

2ωX).
The only type of separable coordinate system that is linked to the coordinate X can be

taken as

(x1, . . . , xn,X) = (
ξη �w, 1

2 (ξ
2 − η2)

) = (x ′ �w, y ′) = (�x, y ′). (72)

Here �w · �w = 1 is a vector on the (n − 1)-dimensional sphere. (Note: we could also take
coordinates of the form (x1, . . . , xn,X) = (�x ′w, xp+1, . . . , xn,X) upon suitable rearrangement
of the Cartesian coordinates x1, . . . , xn. If we separated the dependence on xp+1, . . . , xn out
we would then have essentially the coordinate system (72) but with n = p.) Returning to (72),
if we write the Schrödinger equation for these coordinates and use our potential we have, with
� = �(x ′, y ′)ψ(w), that the equation for �(x ′, y ′) is[
∂2
x′ +

n

x ′ ∂x′ + ∂2
y′ − ω2(x ′2 + 4y ′2) +

(
1

4
(n− 1)2 − �2

n

)
1

x ′2 + 2E

]
�(x ′, y ′) = 0

(73)∑
n�i>j�1

(
xi∂xj − xj∂xi

)2
ψ(w) = [

1
4 (n− 1)2 − �2

n

]
ψ(w)

where �n = 2q + n +
∑n

l=1 kl . This equation assumes a more transparent form if we write
�(x ′, y ′) = (x ′)−n/2
(x ′, y ′). Then[

∂2
x′ + ∂2

y′ − ω2(x ′2 + 4y ′2) +

(
1

4
− �2

n

)
1

x ′2 + 2E

]

(x ′, y ′) = 0. (74)

This is exactly the equation we obtain in the case of two-dimensional space, with the exception
of the occurrence of�n [1]. If we use x ′ and y ′ as separable coordinates then the corresponding
solutions are


(x ′, y ′) = (y ′)
1
2 +�n exp(−ω(

1
2 (y

′)2+(x′)2)) L�nn (ωy
′2)Hq(

√
2ωx ′). (75)
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(However, this is equivalent to the earlier type in which X = y ′ is isolated from the other
coordinates.) Alternatively, if we choose parabolic coordinates

x ′ = ξη y ′ = 1
2 (ξ

2 − η2)

then y ′ is linked and the equation assumes the form{
1

ξ2 + η2

[
∂2
ξ + ∂2

η

] − ω2(ξ4 − ξ2η2 + η4) +
1
4 − �2

n

ξ2η2
+ 2E

}

 = 0. (76)

This equation admits separable solutions ϕ1(ξ)ϕ2(η) which satisfy the separation equations(
∂2
µ − ω2µ6 +

1
4 − �2

n

µ2
+ 2Eµ2 + εβ

)
ϕj (µ) = 0 (77)

where µ = ξ, η according to j = 1, 2, respectively. To obtain the bound state solutions for
this problem we make use of the identity [1]

x · x
λ2

+ 2y ′ − λ2 = (ξ2 − λ2)(η2 + λ2)

λ2
. (78)

If we look for solutions of the form


 =
q∏
j=1

(
�x · �x
λ2
j

+ 2y ′ − λ2
j

)
(79)

we see that the λj satisfy

4(�n + 1)

λ2
m

+
∑
��=m

4

λ2
� − λ2

m

−2ωλ2
m = 0 (80)

and the eigenvalue β is given by the expression

β = 2(�n + 1)
q∏
j=1

λ2
j

(
q∑
k=1

λ−2
k

)
(81)

which is the eigenvalue of the operator 2
∑n

�=1 U� given by (12).
We have established that the coordinate systems for which the Schrödinger equation with

potential V is separable are of two types:

1. Coordinate systems for which the X coordinate remains isolated. This corresponds to the
systems which separate for V2,

〈 e1 | · · · | ek 〉 + · · · + 〈 c1 | · · · | cs 〉 + 〈a〉
↓ · · · ↓ · · · ↓ · · · ↓
Sp1 · · · Spk · · · Sq1 · · · Sqs .

(82)

2. Coordinate systems which are associated with disjoint sum of graphs of the form

〈 e1 | · · · | ek 〉 + · · · + 〈 c1 | · · · | cs 〉 + (0)
↓ · · · ↓ · · · ↓ · · · ↓ ↓
Sp1 · · · Spk · · · Sq1 · · · Sqs Ss .

(83)

Here, (0) is the basic parabolic coordinate system.
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How do we know that this potential does not separate in coordinate systems other than
those listed above? The characterization of the separable systems by N second-order symmetry
operators in involution is crucial here. In [10], these operators are listed in detail for the zero-
potential case in Euclidean spaces and on the sphere. We have computed the vector space of
symmetry operators for our potential, and given a basis in (9)–(12). In order that our equation
separates in a given coordinate system, we must be able to construct operators from this vector
space that agree in their differential terms with the characterizing operators listed in [10].
For example, the fact that there is no operator analogous to Ln+1,n+1 in (9)–(12) means that
the coordinate xn+1 cannot be part of any separable ellipsoidal or hyperspherical coordinate
system.

3. Nonisotropic N-dimensional Coulomb problem

In addition to the potential we have considered thus far we can also discuss the potential (which
is the N-dimensional generalization of the three-dimensional superintegrable potential [7])

V = −1

2


 2α√

x2
1 + · · · + x2

n+1

+
1
4 − k2

1

x2
1

+ · · · +
1
4 − k2

n

x2
n


 . (84)

The corresponding Schrödinger equation
∂2

x1
+ · · · + ∂2

xn+1
+

2α√
x2

1 + · · · + x2
n+1

+
1
4 − k2

1

x2
1

+ · · · +
1
4 − k2

n

x2
n

+ 2E


� = 0 (85)

admits symmetries (here Jh� = xh∂x� − x�∂xh)

Lij = J 2
ij +

(
1

4
− k2

j

)
x2
i

x2
j

+

(
1

4
− k2

j

)
x2
j

x2
i

− 1

2
(86)

Li,n+1 = J 2
i,n+1 +

(
1

4
− k2

j

)
x2
n+1

x2
i

− 1

2
(87)

L = 1

2

n∑
i=1

({
∂xi , Jn+1,i

}
+

(
1

4
− k2

j

)
xn+1

x2
i

)
+

αxn+1√
x2

1 + · · · + x2
n+1

. (88)

The Schrödinger equation admits a separation of variables in coordinates

(x1, . . . , xn+1) = r�s (89)

where �s = (s1, . . . , sn+1) is expressed in terms of any separable coordinate system on
the n-dimensional sphere. If we look for solutions of Schrödinger’s equation of the form
� = F(r)
(�s), the equations for F(r) and 
(�s) are{

∂2
r +

n

r
∂r +

2α

r
−
[
�2 − (n− 1)2

4

]
1

r2
+ 2E

}
F(r) = 0 (90)

(
�
(n)

LB −
n∑
i=1

k2
i − 1

4

s2
i

)

 = −

[
�2 − (n− 1)2

4

]

 (91)

where � = � +M + 1
2 , M = 2m + n− 1 + k1 + k2 + · · · + kn. This equation has solutions

F(r) = exp(−√−2Er)r�− n−1
2 L2�

nr
(2

√−2Er) (92)
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where Lβ� (z) is a Laguerre polynomial and nr = 0, 1, 2, . . . is the radial quantum number.
The quantization condition on the energy levels is

E = − α2

2(nr + � +M + 1)2
. (93)

The second set of coordinates in which separation of variables is possible is a version of
parabolic coordinates, namely

xi = ξηsi xn+1 = 1
2 (ξ

2 − η2) i = 1, 2, . . . , n. (94)

In these coordinates the Schrödinger equation has the form{
∂2
ξ +

n− 1

ξ
∂ξ + ∂2

η +
n− 1

η
∂η + 4α + 2E(ξ2 + η2)

+

(
1

ξ2
+

1

η2

)[
�
(n−1)
LB −

n∑
i=1

k2
i − 1

4

s2
i

]}
� = 0. (95)

With � = (ξη)
1
2 (1−n)�̂(ξ, η)
(s1, . . . , sn), the equations for �̂ and 
 have the form{
∂2
ξ + ∂2

η + 4α −
(

1

ξ2
+

1

η2

)(
M2 − 1

4

)
+ 2E(ξ2 + η2)

}
�̂ = 0 (96)

(
�
(n−1)
LB −

n∑
i=1

k2
i − 1

4

s2
i

)

 = −

[
M2 − (n− 2)2

4

]

 (97)

where M = 2q + (n − 1) + k1 + · · · + kn. Equation (96) is essentially that we have already
looked at. The separable solutions for the wavefunctions �̂ in the parabolic coordinates
ξ, η are

�̂(ξ, η) = exp[−√−2E(ξ2 + η2)](ξη)M+ 1
2LMn1

(2
√−2Eξ)LMn2

(2
√−2Eη) (98)

where n1, n2 = 0, 1, 2, . . . , and the energy spectrum has the form

E = − α2

2(n1 + n2 +M + 1)2
. (99)

Equation (96) can be also solved by a separation of variables by regarding ξ and η as Cartesian
coordinates. We could also choose polar or elliptical coordinates and solve our problem by
separation of variables. In elliptical coordinates we can obtain a solution for �̂ by writing

�̂(ξ, η) = exp[−√−2E(ξ2 + η2)](ξη)(M+ 1
2 )

s∏
j=1

(
ξ2

θj − e1
+

η2

θj − e2
− 1

)
(100)

where the θj satisfy

M + 1

θj − e1
+
M + 1

θj − e2
+
∑
j �=m

2

θm − θj
− √−2E = 0 (101)

and we have the quantization condition

E = − α2

2(s +M + 1)2
. (102)

We could also write this expression in terms of Cartesian coordinates by using

ξ2 =
√
x2

1 + · · · + x2
n+1 + xn+1 η2 =

√
x2

1 + · · · + x2
n+1 − xn+1.
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In conclusion, this potential separates into three classes of coordinate systems:

polar ellipsoidal parabolic
〈a〉 〈a, b〉 (o)

↓ ↓ ↓
Sn Sn−1 Sn−1.

(103)

Here, Sk is the sphere of dimension k.
Again, we can check that this potential does not separate into coordinate systems other

than those listed above by making use of the characterization of the separable systems by N
second-order symmetry operators in involution as given in [10]. We have computed the vector
space of symmetry operators for our potential, and given a basis in (86)–(88). In order that
our equation separates in a given coordinate system, we must be able to construct operators
from this vector space that agree in their differential terms with the characterizing operators
listed in [10].

4. Operator characterizations

Associated with the various separations of variables are the operator characterizations of the
individual systems. The operators form a quadratic algebra which determines the nature of
the dynamical symmetries associated with the Schrödinger equation. For the first potential,
we give the defining relations for the quadratic algebra generated by Mi,Ljk, L and Ui . (We
note that the algebra of operators for the last potential cannot be closed polynomially under
repeated commutation. However, if we discard L closure is again possible.) Returning to our
first potential, the first commutators are

[Mi,Mj ] = [Mi,Ljk] = [Mi,L] = [Mi,Uj ] = 0 [Mi,Lij ] = Qij = Q[ij ]

[Lij , Lik] = Rijk = R[ijk] [Lij , Lkl] = 0 [Lij , L] = [Lij , Uk] = 0
(104)

[Mi,Ui] = Ai [Lij , Ui] = Bij = B[ij ] [L,Ui] = −Ai
[Ui,Uj ] = − 1

4Qij

where theQij , Rijk andBij are totally antisymmetric. The commutators of theMi,Ljk, L,Uk
andQpq are

[Mi,Qij ] = 4{Mi,Mj } + 16ω2Lij [Mi,Qjk] = 0

[Lij ,Qij ] = 4{Mi,Lij } − 4{Mj,Lij } + 16
(
1 − k2

j

)
Mi − 16

(
1 − k2

i

)
Mj

[Lij ,Qik] = 4{Mi,Ljk} − 4{Mj,Lik} [Ui,Qij ] = 4{Mi,Uj }
[Lij ,Qkl] = [L,Qij ] = [Ui,Qjk] = 0.

The commutators of Mi,Ljk, L,Uk and with Rklm are

[Mi,Rijk] = 4{Mk,Lij } − 4{Mj,Lik} [Mi,Rjkl] = 0

[Lij , Rijk] = 4{Lij , Ljk} − 4{Lij , Lik} + 16
(
1 − k2

i

)
Ljk − 16

(
1 − k2

j

)
Lik

[Lij , Rikl] = 4{Lik, Ljl} − 4{Ljk, Lil} [Ui,Rijk] = 4{Lij , Uk} − 4{Lik, Uj }
[L,Rijk] = [Lij , Rklm] = [Ui,Rjkl ] = 0.

The commutators of Mi,Ljk, L,Uk and with Am are

[Mi,Ai] = 16ω2Ui [Mi,Aj ] = 0 [Lij , Ai] = 4{Mi,Uj } − 4{Mj,Ui}
[L,Ai] = −16ω2Ui [Ui,Ai] = 2M2

i − 2{Mi,L} + 8ω2(1 − k2
i

)
[Lij , Ak] = 0 [Ui,Aj ] = 2MiMj + 4ω2Lij .
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The commutators of Mi,Ljk, L,Uk and with Bmn are

[Mi,Bij ] = −4{Mi,Ui} [Mi,Bjk] = 0

[Lij , Bij ] = −4{Lij , Ui} + 4{Lij , Uj } − 16
(
1 − k2

j

)
Ui + 16

(
1 − k2

i

)
Uj

[Lij , Bik] = 4{Lki, Uj } − 4{Lkj , Ui} [Lij , Bkl] = 0

[Ui, Bij ] = {Lij , L} − 2{Lij , L} − 4{Ui,Uj } − 4
(
1 − k2

i

)
Mi

[Ui, Bjk] = {Lik,Mj } − {Lij ,Mk} [L,Bij ] = 4{Mj,Ui} − 4{Mi,Uj }.
The commutators of the Qij , Rklm,Ak and Bmn amongst themselves are

[Qij ,Qik] = 4{Mi,Qjk} [Qij ,Qkl] = 0 [Qij , Rijk] = −4{Lij ,Qik} − 4{Lij ,Qjk}
[Qij , Rikl] = 4{Lik,Qlj } + 4{Lil,Qjk} [Qij , Rikl ] = 0 [Qij ,Ai] = −4{Mi,Aj }
[Qij , Bij ] = −4{Lij , Ai} − 4{Lij , Aj } [Qij , Bik] = −4{Lik,Aj } + 4{Ui,Qjk}
[Rijk, Rijl] = 4{Lij , Rikl} − 4{Lkl, Rijm} − 4{Ljm,Rikl} + 4{Lkm,Rijl}
[Rijk, Rlmn] = [Rijk, Al] = [Qij , Bkl] = 0

[Rijk, Bij ] = 4{Lki, Bij } − 4{Ljk, Bij } − 4{Ui,Rijk} + 4{Uj,Rijk}
+ 16

(
1 − k2

i

)
Bjk − 16

(
1 − k2

j

)
Bki

[Rijk, Bil] = 4{Ljl, Bik} − 4{Lkl, Bij } − 4{Uj,Rkli} + 4{Uk,Rlij }
[Rijk, Blm] = 0 [Ai,Aj ] = 4ω2Qij

[Ai, Bij ] = {Mi,Qij } − 4{Ui,Aj } [Ai, Bjk] = {Mi,Qjk} − 4ω2Rijk

[Bij , Bik] = 4{Ui, Bjk} + {Lkl,Qik} − {Lik,Qij } − 16
(
1 − k2

i

)
Qjk

[Bij , Bkl] = −{Lik,Qjl} + {Lil,Qjk} + {Ljk,Qil} − {Ljl,Qik}.
All the commutators of the Mi,Lmn,Qpq and Rrst can be expressed in terms of quadratic
symmetric products of themselves. The algebra therefore closes quadratically. We should
note that only some of these commutators exist in dimension five or higher. There are
relations between the symmetric products of the generators of this algebra. These are listed in
the appendix.
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Appendix

Here we list identities between symmetric products of the generators of the quadratic algebra
for the first potential. The list is exhaustive, except that identities having overall more indices
than those which appear in each of the terms of the identity have not been listed, e.g., an
identity of the form

{Di,Dj } + {Dj ,Dk} + {Dk,Di} = 0 i �= j �= k. (A.1)

Our exhaustive list is as follows. In all the formulae it is assumed that indices with different
labels have distinct numerical values. Definitions of each of the terms are given in (104),
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{Mi,Rijk} = {Lij ,Qik} − {Lik,Qij } − {Lii,Qjk}
(A.2)

{Mi,Rjkl} = −{Lij ,Qkl} − {Lik,Qlj } − {Lil,Qjk}

Q2
ij = 8

3 {Lij ,Mi,Mj } + 16ω2L2
ij − 16

(
1 − k2

j

)
M2
i − 16

(
1 − k2

i

)
M2
j

+ 64
3 {Mi,Mj } − 128

3 ω
2Lij − 64

(
1 − k2

i

)(
1 − k2

j

)
{Qij ,Qik} = 8

3 {Lij ,Mi,Mk} + 8
3 {Lik,Mi,Mj } − 8

3 {Ljk,Mi,Mi}
(A.3)

+ 32ω2(1 − k2
i

){Lij , Lik} − 8{Mj,Mk} − 32
(
1 − k2

i

)
Ljk

{Qij ,Qkl} = −8
3{Lik,Mj ,Ml} − 8

3 {Ljl,Mi,Mk} + 8
3 {Lil,Mj ,Mk}

+ 8
3 {Ljk,Mi,Ml} − 16ω2{Lik, Ljl} + 16ω2{Lil, Ljk}

{Qij , Rijk} = 8
3 {Lij , Lij ,Mk} − 8

3 {Lij , Lik,Mj } − 8
3 {Lij , Ljk,Mi} − 64

3 {Lij ,Mk}
− 64

3 {Lik,Mj } − 64
3 {Ljk,Mi} + 16

(
1 − k2

i

){Ljk,Mj }
+ 16

(
1 − k2

j

){Lik,Mi} − 64
(
1 − k2

i

)(
1 − k2

j

)
Mk

{Qij , Rikl} = 8
3 {Lij , Lik,Ml} − 8

3 {Lij , Lil ,Mk} − 8
3 {Lik, Ljl,Mi} (A.4)

+ 8
3 {Lil, Ljk,Mi} + 16

(
1 − k2

i

)
({Ljl,Mk} − {Ljk,Ml})

{Qij , Rklm} = −8
3 {Lik, Ljl ,Mm} + 8

3 {Lil, Ljk,Mm} + 8
3 {Lik, Ljm,Ml}

− 8
3 {Lim,Ljk,Ml} − 8

3 {Lil, Ljm,Mk} + 8
3 {Lim,Ljl,Mk}.

The symmetric products of components of Rijk with itself are

R2
ijk = −4

3 {Lij , Lik, Ljk} + 64
3 {Lij , Lik} + 64

3 {Lij , Ljk} + 64
3 {Lik, Ljk}

− 4Lkk{Lij , Lij } − 8
(
1 − k2

j

){Lik, Lik} − 8
(
1 − k2

i

){Ljk, Ljk}
+ 128

3

(
1 − k2

k

)
Lij + 128

3

(
1 − k2

j

)
Lik + 128

3

(
1 − k2

i

)
Ljk

+ 64
(
1 − k2

i

)(
1 − k2

j

)(
1 − k2

k

)
(A.5)

{Rijk, Rijl} = −8
3 {Lij , Lij , Lkl} + 8

3 {Lij , Lik, Ljl} + 8
3 {Lij , Lil , Ljk} + 64

3 {Lij , Lkl}
+ 64

3 {Lik, Ljl} + 64
3 {Lil, Ljk} − 16

(
1 − k2

j

){Lik, Lil}
− 16

(
1 − k2

i

){Ljk, Ljl} + 64
(
1 − k2

i

)(
1 − k2

j

)
Lkl

{Rijk, Rilm} = −8
3 {Lij , Lil , Lkm} + 8

3 {Lij , Lik, Ljl} + 8
3 {Lik, Lil , Ljm} (A.6)

− 8
3 {Lik, Lim, Ljl} + 16

(
1 − k2

i

)
({Ljl, Lkm} − {Ljm,Lkl})

{Rijk, Rlmn} = 8
3 {Lil, Ljm,Lkn} − 8

3 {Lil, Ljn, Lkm} − 8
3 {Lim,Ljl , Lkn}

+ 8
3 {Lim,Ljn, Lkl} + 8

3 {Lin, Ljl, Lkm} − 8
3 {Lin, Ljm,Lkl}.

Symmetric products of R with A are

{Rijk, Ai} = 8
3 {Mi,Lik, Uj } + 8

3 {Mk,Lji , Ui} − 8
3 {Mi,Lij , Uk}

− 8
3 {Mj,Lki, Ui} + 16

(
1 − k2

i

)
({Mj,Uk} − {Mk,Uj })

(A.7)
{Rijk, A�} = 8

3 {Mi,L�k, Uj } − 8
3 {Mi,L�j , Uk} + 8

3 {Mj,L�i, Uk}
− 8

3 {Mj,L�k, Ui} + 8
3 {Mk,L�j , Ui} − 8

3 {Mk,L�i , Uj }.
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Symmetric products between R and B are

{Rijk, Bij } = 8
3 {Lij , Ljk, Ui} + 8

3 {Lij , Lki , Uj } − 8
3 {Lij , Lij , Uk} + 64

3 {Lij , Uk}
+ 64

3 {Lki, Uj } + 64
3 {Ljk, Ui} − 16

(
1 − k2

i

){Ljk, Uj }
− 16

(
1 − k2

j

){Lki, Ui} + 64
(
1 − k2

i

)(
1 − k2

j

)
Uk

{Rijk, Bil} = 8
3 {Lij , Lkl, Ui} − 8

3 {Lik, Ljl, Ui} + 8
3 {Lik, Lil , Uj } (A.8)

− 8
3 {Lij , Lil , Uk} + 16

(
1 − k2

i

)
({Ljl, Uk} − {Lkl, Uj })

{Rijk, Blm} = 8
3 {Lil, Ljm,Uk} − 8

3 {Lim,Ljl, Uk} + 8
3 {Ljl, Lkm,Ui}

− 8
3 {Ljm,Lkl, Ui} + 8

3 {Lkl, Lim,Uj } − 8
3 {Lkm,Lil , Uj }.

The symmetric products of A with itself are

A2
i = 2

3 {Mi,Mi, L} + 16ω2U 2
i + 16ω2 (1 − k2

i

)
L− 32ω2Mi

(A.9)
{Ai,Aj } = 4

3 {Mi,Mj ,L} + 16ω2{Ui,Uj } + 8ω2{Lij , L}.
The symmetric products of A and B are

{Ai, Bij } = 8
3 {Mi,Ui, Uj } − 8

3 {Mj,Ui, Ui} + 4
3 {Mi,Lij , L} + 32

3 {Mi,Mj }
− 8

(
1 − k2

i

){Mj,L} − 64
3 ω

2Lij (A.10)

{Ai, Bjk} = 8
3 {Mj,Uk,Ui} − 8

3 {Mk,Uj ,Ui} + 4
3 {Mj,Lki, L} − 4

3 {Mk,Lji , L}.
The symmetric products of B with itself are

B2
ij = 8

3 {Lij , Ui, Uj } + 2
3 {Lij , Lij , L} + 64

3 {Ui,Uj } − 16
(
1 − k2

i

)
U 2
j

− 16
(
1 − k2

j

)
U 2
i + 16

3 {Lij ,Mi} + 16
3 {Lij ,Mj } − 16

3 {Lij , L}
+ 32

3

(
1 − k2

i

)
Mj + 32

3

(
1 − k2

j

)
Mi − 16

(
1 − k2

i

)(
1 − k2

j

)
L

{Bij , Bik} = 8
3 {Lij , Ui, Uj } + 8

3 {Ljk, Ui, Uj } − 8
3 {Ljk, Ui, Ui} + 4

3 {Lij , Lik, L}
(A.11)

+ 16
3 {Lij ,Mk} + 16

3 {Ljk,Mi} + 16
3 {Lki,Mj }

− 8
(
1 − k2

i

)
(2{Uj,Uk} + {Ljk, L})

{Bij , Bkl} = 8
3 {Lil, Uj , Uk} − 8

3 {Lik, Uj , Ul} + 8
3 {Ljk, Ui, Ul}

− 8
3 {Ljl, Ui, Uk} + 4

3 {Lil, Ljk, L} − 4
3 {Lik, Ljl, L}.
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